Abstract. The physical parameters obtained from modal tests do not satisfy the eigenvalue function due to modeling and measurement errors, and unexpected damage. The desired dynamic response can be obtained by identifying the most appropriate changes required to obtain the desired dynamic behaviour. The purpose of this study is to present the analytical equations on the updated stiffness and mass matrices in the satisfaction of eigenfunction including residual force vector term. Minimizing the cost functions of the difference between analytical and desired physical parameter matrices, the variations in parameter matrices are straightforwardly derived without using any multipliers. The validity of the proposed methods is evaluated in an application.
Introduction
The damage detection and assessment algorithm is proposed based on measured response data. The measured data come from a structure which is different from its associated analytical model. The problems combined with the usual errors in measured mode shapes mean that the measured modes will not be orthogonal to the analytical mass matrix. If the mass matrix is assumed to be exact then the eigenvector matrix may be corrected to enforce orthogonality. System identification tries to identify the most appropriate changes required to obtain the desired dynamic behaviour.
The mode shapes and natural frequencies obtained from incomplete modal tests do not usually satisfy the dynamic equation and orthogonality requirements.
Many analytical methods have been developed for correcting analytical models to predict test results more closely. Friswell and Mottershead [1] provided a comprehensive overview that illustrates many of the different techniques and issues involved in updating a finite element model. They showed the importance of several areas in model updating dedicated to modal methods. Baruch [2] , [3] proposed a method that the stiffness matrix based on measured mode shapes from vibration tests was corrected by minimizing a norm to use the positive definite symmetric mass matrix as the weighting matrix. Berman [4] described the changes in the mass matrix required to satisfy the orthogonality relationship using a minimum-weighted Euclidean norm and the method of Lagrange multipliers. Berman and Nagy [5] proposed a direct method to identify a set of minimum changes in the analytical matrices which force the eigensolutions to agree with test measurements. Kabe [6] adjusted the stiffness matrix such that the percentage change to each stiffness coefficient is minimized. The method preserved the physical configuration of the analytical model and reproduced the modes used in the identification. Caesar and Peter [7] discussed two methods for the direct updating of mathematical models based on modal test data. Based on the development of a symmetric eigenstructure assignment algorithm, Zimmerman and Widengren [8] determined residual damping and stiffness matrices such that the improved analytical model eigenstructure matches more closely that obtained experimentally. Using the element correction method combined with the Lagrange multiplier technique, Wei [9] proposed an analytical method to correct both analytical mass and stiffness matrices to be modified simultaneously using vibration test data. Sheinman [10] presented an algorithm for updating and the stiffness and mass matrices and for damage detection using only one mode. Huang et al. [11] proposed a methodology to update the structural properties of a bridge using modal parameters considering measurement error obtained from a vibration testing conducted on a bridge. Lee and Eun [12] , [13] presented the equations to update the physical parameters of stiffness and mass matrices simultaneously for analytical modelling by minimizing a cost function in the satisfaction of the dynamic constraints of orthogonality requirement and eigenvalue function. Yang and Liu [14] developed the residual force method to detect damages based on the updating of structural matrices.
This study provides the corrected forms of the analytical mass and stiffness matrices to be modified to fulfill the eigenvalue equation only using measured modal test data. The corrected physical parameter matrices are derived by minimizing reasonable cost functions of the difference between analytical and desired physical parameter matrices and using the fundamental linear algebra such as the Moore-Penrose inverse without using any Lagrange multipliers. The validity of the proposed method is evaluated in an application.
Formulation for corrected mass and stiffness matrices
The direct method uses analytical mass and stiffness matrices a M and a K from the analysis assumed to be incorrect and test data assumed to be correct. Here a M and a K are the analytical mass and stiffness matrices. Assuming that the analytical parameter matrices a M and a K are exact, they should be corrected for subsequent exact analysis. The dynamic behaviour of a structure which is assumed to be linear and approximately discretized for n DOFs without damping and external excitations can be described by the equations of motion
where M and K denote the n n × actual mass and stiffness matrices to modify the analytical parameter matrices. Substituting 
where m i, Ω and m i , φ denote the measured ith frequency and its corresponding eigenmode.
Expressing the actual parameter matrices by
and inserting them into Eqn. (2), it can be arranged as
where i R denotes the residual force vector
, and M ∆ and K ∆ are the variation in the mass and stiffness matrices to be estimated, respectively . Transposing both sides of Eqn. (3), it can be written by
And Eqn. (4) is also expressed as
The ( ) m n × measured modal matrix φ is rectangular and is normalized, where m is the number of modes and n is the number of degrees of freedom which must correspond to the measurement points on the structure and m n > . The natural frequency matrix Λ is diagonal matrix,
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Assuming that the mode shapes are measured, the stiffness and mass matrices are corrected by minimizing the cost function defined as
Equation (5) should be modified to utilize the condition to minimize Eqn. (6) as
Importing the solution of generalized inverse, Eqn. can be written as
, '+' denotes the Moor-Penrose inverse, and y is an 1 2 × n arbitrary vector. The arbitrary vector is derived using the minimization condition of Eqn. (6) . Based on the condition, the arbitrary vector is derived as
where z denotes another arbitrary vector. The substitution of Eqn. (9) into Eqn. (8) 
Equation (11) indicates the variation in parameter matrices derived straightforwardly without any numerical scheme. In the following, the validity of the proposed method is illustrated in an example and through the comparison with other methods.
Applications
The derived correction approaches are demonstrated using a five-degree-of-freedom dynamic system shown in Fig. 1 , The numerical example considers the correction of the stiffness matrix of damaged structure.
The physical properties of intact structure were selected as , = , k = , k = k This study considers the damaged structure of the 20% and 30% deterioration of stiffnesses 2 k and 5 k , respectively, and the 10% addition of mass 3 m . 
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The estimated natural frequency and corresponding mode shapes are calculated by the resultant parameter matrices including the above variation. The modal parameters estimated by the proposed method are shown in Fig. 2 . This numerical result was performed utilizing the first natural frequency and the corresponding mode shape data only. It is recognized that the difference between the estimated and actual values comes from the neglect of the higher modes. However, it is shown from this application that the proposed method can properly describe the variation of the parameter matrices and can be widely utilized in identifying the parameter matrices. 
Summary
The measured data come from a structure which is different from its associated analytical model. The problems combined with the usual errors in measured mode shapes mean that the measured modes don't correspond with the initial mode values. This study derived analytical equations to describe the updated physical parameters by minimizing the different types of cost functions in the satisfaction of the eigenvalue function requirement. The equations were straightforwardly derived. It is recognized that the results can be widely used in the fields of damage detection, system identification, and dynamic reanalysis, etc. The validity of the proposed equations was illustrated in an application.
